We reformulate the construction of Kontsevich's completion and use Lawson homology to define many new motivic invariants. We show that the dimensions of subspaces generated by algebraic cycles of the cohomology groups of two K-equivalent varieties are the same, and the FriedlanderLawson conjecture, the Friedlander-Mazur conjecture, the Grothendieck standard conjecture and the generalized Hodge conjecture are K-statements.
Introduction
Batyrev first showed that two birational Calabi-Yau manifolds have the same Betti numbers by using Weil's conjecture (see [5] ). This result was pushed a step further by Batyrev([4] ) using motivic integration, Wang using p-adic Hodge theory ( [28] ) and by several other people to show that two K-equivalent varieties have the same Hodge numbers. In this paper we show further that the dimensions of subspaces generated by algebraic cycles of cohomology groups of two K-equivalent varieties are the same. We found that to construct motivic measure and motivic integration, we do not need the product structure of K 0 (V ar), the Grothendieck group of algebraic varieties. It is sufficient to give K 0 (V ar) a L -module structure where L is the polynomial ring generated by L = C, and then we can follow Kontsevich's construction to get an abelian group completion. This makes a huge different since many invariants are not multiplicative, but they can be defined in our new settings. The tools we need to use are the homotopy property and the blow-up formula in Lawson homology. We first show that we can define invariants over the Grothendieck group K 0 (SP V ) of smooth projective varieties, and then show that the isomorphism given by Bittner ϕ : K 0 (V ar) → K 0 (SP V ) is an isomorphism of L -modules. Through this isomorphism, the invariants induce invariants for any quasi-projective varieties. These invariants reduce to some invariants defined over the image of some localization S −1 K 0 (V ar) of K 0 (V ar) in the Kontsevich's completion which enables us to use motivic integration.
We review some constructions of motivic measure and motivic integration in Section 2, prove the blow-up formula in Lawson homology and use it to define many invariants in Section 3. In Section 4 we define many new stringy invariants. In Section 5 we focus on varieties with all Lawson homology groups finitely generated. We show that motivic integration can be defined over these varieties, and we do the same thing for higher Chow groups.
Motivic integration 2.1 Arc spaces
We give a brief review of the arc spaces of quasi-projective varieties here. For the details, we refer to [4] and [10] . We work over the field of complex numbers. For a complex algebraic variety X of dimension d, the space of n-arcs on X is defined to be
For m ≥ n, there are canonical morphisms θ m n : L m (X) → L n (X). Taking the projective limit of these algebraic varieties L n (X), we obtain the arc space L(X) of X. For every n we have a natural morphism n (C) for some n and some constructible subset C of L n (X). We say that A is stable at level n if furthermore the restriction of π m+1 (L(X)) → π m (L(X)) over π m (A) is a piecewise Zariski fibration over π m (A) with fiber C d for all m ≥ n. We call A stable if it is stable at some level n. If X is smooth, then all cylindrical sets of L(X) are stable.
Let SP V be the collection of all smooth projective varieties and V ar be the collection of all quasi-projective varieties. Let K 0 (SP V ) = Z(SP V )/ ∼ bl be the free abelian group generated by elements in SP V quotient by the subgroup ∼ bl which is generated by elements of the form Bl Y X − X + Y − E(Y ) where Y is a smooth subvariety of a smooth projective variety X, Bl Y X is the blowup of X along Y and E(Y ) is the exceptional divisor of this blow-up. Let K 0 (V ar) = Z(V ar)/ ∼ be the Grothendieck group of quasi-projective varieties. The subgroup ∼ is generated by elements of the form X − (X\Y ) − Y where Y is a locally closed subvariety of X.
Let L = C and let L = Z{L i |i ∈ Z ≥0 } be the free abelian group generated by L i for all nonnegative integer i. L is a ring with the obvious multiplication.
and it is easy to check that
} be the group obtained by taking the localization of K 0 (SP V ), K 0 (V ar) respectively with respect to the multiplicative set S. Define F k M, F k N to be the subgroups of M, N generated by elements of the form
of abelian subgroups of M and a decreasing filtration Let us recall a result of Bittner [7] . For a better presentation of the proof see [24] .
The isomorphism ϕ is given inductively on the dimension of varieties. Assume it is defined for varieties of dimension less than n. If dimX = n, we consider two cases:
1. If X is nonsingular, let X be a nonsingular compactification of X, then define ϕ(X) := X − ϕ(X − X)
2. If X is singular, let X = i S i be a stratification of X, then define
It induces an isomorphism of L -modules
ϕ : N → M.
Proof.
1. It suffices to prove ϕ(L · X) = L · ϕ(X) for X nonsingular. It is easy to check for X of dimension 1. We assume that it is true for varieties of dimension less than n.
For
[X]
Therefore ϕ induces an isomorphismφ :N → M on the completions. This is obviously an isomorphism of L -modules since ϕ is an isomorphism of L -modules.
We have a commutative diagram
where ϕ,φ are L -module isomorphisms which implies that we have a L -module isomorphism between N and M.
From this Proposition, once we have a group homomorphism from M to some group G, we can use ϕ to define a group homomorphism from N to G which means that we can define an invariant for all quasi-projective varieties.
Motivic integration
In the following, let us recall some constructions and results in motivic integration. Even though we have almost all the constructions and results from classical motivic integration, we note that we only consider K 0 (V ar), N ,N as L -modules, not rings. 
and ||µ(A i (ǫ))|| ≤ ǫ for all i ≥ 1. We say that A is strongly measurable if moreover we can take A 0 (ǫ) ⊂ A.
Define a norm || · || onN by ||a|| := 2 −n where n is the largest n such that a ∈ F n N . Then The following is the result A.6 from [11] .
exists inN and is independent of the choice of the sequences A i (ǫ), i ∈ N.
Definition 2.8. Let X be a quasi-projective variety of pure dimension d. We define the motivic volume of X to be µ(L(X)) ∈N . It can be shown that
and it equals to [X] when X is nonsingular.
Definition 2.9. Let A ⊂ L(X) be measurable and α : A → Z ∪ {∞} a function with measurable fibres α −1 (n) for n ∈ Z. We define the motivic integral of α to be 
For a divisor D = r i=1 a i D i on X and any subset J ⊂ {1, ..., r}, denote
. By a similar calculation as in Theorem 6.28 of [4] , we have the following result. 
where J is any subset (including empty set) of {1, ..., r}. 
We say that two smooth projective varieties X and Y are K-equivalent if there is a smooth projective variety Z and birational morphisms ρ 1 :
divisors on X and Y respectively. As a simple consequence of the "change of variables formula", we have the following result.
Theorem 2.14. If two smooth projective varieties
X, Y are K-equivalent, then [X] = [Y ] in N [( 1 L i −1 ) i≥1 ].
Lawson homology groups
Recall that in Lawson homology we have the homotopy property L p H n (X × C t ) = L p−t H n−2t (X) for X a smooth projective variety.
Definition 3.1. For a smooth projective variety X and an integer p < 0, we define the negative cycle group
Recall that we have natural transformations Φ :
Lawson homology to singular homology (see [12] , [15] , [21] ). The intersection theory of cycle spaces was developed by Friedlander and Gabber in [14] in which they obtained a projective bundle theorem for Lawson homology. We extend their result to negative cycle groups.
Proposition 3.2. Let E be an algebraic vector bundle of rank r + 1 over a smooth projective variety Y of dimension n and P (E) the projective bundle associated to E, then for each
, where h ∈ L n+r−1 H 2(n+r−1) (P (E)) is the first Chern class of the tautological line bundle O P (E) (1) on P (E). Under the natural transformation Φ from Lawson homology to singular homology, we have the following commutative diagram:
where
Proof. Fix p and k where k ≥ 2p. For p ≥ r, this is the projective bundle theorem proved by Friedlander and Gabber. We extend their result to p < r. We have two homotopy equivalences:
Combining them together, we get
We claim that
. Using the localization sequence in Lawson homology, it suffices to prove for E trivial. Then P (E) ∼ = Y ×P r which implies that P (E)×C r−p is a trivial projective bundle over Y × C r−p . Then we apply the FriedlanderGabber projective bundle theorem to get
Since all maps in the proof are algebraic maps, by the naturality of Φ, we have the commutative diagram.
The following is the blow-up formula in Lawson homology from [20] but unluckily his proof is mysterious, we prove it again. 
the map
2. There is a short exact sequence
, and ψ 2 (x) = ( x, y) = i * x + σ * y.
Proof.
1. Let U = Bl Y X−E = X−Y , then we have two long exact sequences and each square is a commutative diagram:
. The last equality follows from the projective bundle theorem. By the 'key formula'(see [18] , Proposition 6.7):
Now we are going to show that I p,k is injective. Assume that
By the projective bundle theorem we have π * h r−j π * u j = 0 for j = 1, ..., r, and from the commutative diagram, we have
. From the projective bundle theorem, we have u j = 0 for 1 ≤ j ≤ r.
2. The fact that the homomorphism ψ 2 is surjective follows from the proof above, and the homomorphism ψ 1 is injective follows from the projective bundle theorem. By the key-formula, we have
To show that the kernel of ψ 2 lies in the image of ψ 1 , we assume that i * x + σ * y = 0. Take x = π * x.
Combine with the blow-up formula in singular homology (see [19] , Chapter 4.6), and as an immediate consequence of the Proposition above, we get the following result.
where Bl Y X is the blow-up of X along a smooth subvariety Y and E(Y ) is the exceptional divisor. Since K 0 (SP V ) = Z(SP V )/ ∼ bl where ∼ bl is the blow-up relation, we see that T p,k induces a group homomorphism from K 0 (SP V ) to Z. 
for k ≥ 2p ≥ 0.
1. The map T p,k induces a group homomorphism from M to Z.
The map
1. From the projective bundle theorem for trivial bundles and applying the natural transformations from Lawson homology to singular homology, we have the following commutative diagram:
Extending T p,k by linearity, we get a group homomorphism from M to Z.
The kernel of the canonical map
which is a finite sum. Hence T p,k extends to a group homomorphism from M[( 
We show this for h p,q . The maps in the exact sequence
are easy to see to be morphisms of Hodge structures, hence we have
which implies that h p,q induces a group homomorphism from K 0 (SP V ) to Z.
Define
and then we extend h p,q as in the Proposition above.
We recall that the niveau filtration {N p H * (X; Q)} p≥0 of H * (X; Q) is defined by
The geometric filtration {G p H * (X; Q)} p≥0 of H * (X; Q) is defined by
We define the homological Hodge filtration to be
and define the homological rational Hodge filtration to be
The homological generalized Hodge conjecture says that for a smooth projective variety X, F h p H k (X; Q) = N p H k (X; Q) The Friedlander-Mazur conjecture (see [17] ) says that
and the Friedlander-Lawson conjecture says that
is surjective if k ≥ m + p where m is the dimension of X. This conjecture was proved by the author in [25] by assuming the Grothendieck standard conjecture.
We will show that all these conjectures are K-statements.
Proof. By Lemma 2.3 of [3]
, we have a short exact sequence of pure Hodge structures:
which give us the following formula
The isomorphism
is an isomorphism of Hodge structures, we see that F j,n (X ·L k ) = F j−k,n−2k (X). Then extend as in the Proposition 3.5, we get a group homomorphism from M[(
By a homological version of Lemma 2.4 of [3], we get
Since a morphism of Hodge structures preserve niveau filtration, we have G j,n (X· L k ) = G j−k,n−2k (X). Then similar to the construction above, G j,n extends to a group homomorphism from M[(
By composing with the isomorphism in Proposition 3, we have the following crucial result.
Theorem 3.8. The group homomorphisms
We will abusively use the same notations for the induced homomorphisms.
Remark 3.9. For a quasi-projective variety X, we may define
T ′ p,k (X) to be the dimension of Φ(L p H k (X; Q)) ⊂ H BM k (X;
Q). Even though this definition makes sense, in general it does not equal to
We recall that the Lawson homology group L p H 2p (X) = algebraic p-cycles quotient by algebraic equivalence and the natural transformation Φ : L p H 2p (X) → H 2p (X) is the cycle map. Hence Φ(L p H 2p (X)) is the subspace of H 2p (X) generated by algebraic cycles. We recall that the Grothendieck standard conjecture A (GSCA) predicts that for a smooth projective variety X of dimension m, T p,2p (X) = T m−p,2(m−p) (X) where p ≤ [ Proof. Let the dimension of X be m and p ≤ [ Proof. By the Weak Factorization Theorem of birational maps (see [2] ), we are able to decompose a proper birational map as a sequence of blowing-ups and blowing-downs, then we apply the result above.
Since we know that the GSCA is true for smooth varieties of dimension less than or equal to 4, we have the following result. 
Proof. We have
. By the assumption that the generalized Hodge conjecture is true for Y , we have N j,n (Bl Y X) − F j,n (Bl Y X) = N j,n (X) − F j,n (Bl Y X). This completes the proof.
Again by using the Weak Factorization Theorem of birational maps, we get the following result. We do not know who is the first to have this result, but a proof without using the Weak Factorization Theorem can be found in [1] . Since two K-equivalent varieties have the same image in N , any group homomorphism defined previously gives the same value at them. Then the following result is an immediate consequence. For the case of generalized Hodge conjecture, this result was proved by Arapura and Kang in [3] . By a result of Wang (see [27] , Corollary 1.10), two birational smooth minimal models are K-equivalent, hence in particular we have the following result.
Corollary 3.17. If any conjecture in Theorem 3.16 is true for a smooth minimal model, then it is true for any smooth minimal model which is birational to it.

Stringy invariants Definition 4.1. A motivic invariant is a group homomorphism from N [(
A stringy invariant of an algebraic variety X is the value ϕ(µ(L(X))) for some motivic invariant ϕ.
We have seen several motivic invariant: T j,n , G j,n , F j,n . Another important stringy invariant is the Batyrev's E-function. Let us recall some definitions from [4] . For a variety X of dimension m, let
where h p,q (H k c (X; C)) is the (p, q)-Deligne-Hodge number of the cohomology groups with compact support of X. The E-polynomial E(X) ∈ Z[u, v] is defined to be E(X) := 0≤p,q≤m
If X is a normal irreducible algebraic variety with at worst log-terminal singularities, and ρ : Y → X is a resolution of singularities such that the exceptional divisor D = r i=1 a i D i has simple normal crossings. Then the stringy E-function of X is defined to be
q is a polynomial, we define the stringy Hodge numbers of X to be
and substitute into the formula
then we get the result.
2. It was calculated by Batyrev (see [4] ) that
k . Then we make a simple comparison to the coefficients of E(X N,σ ) with the corresponding h p,q (X N,Σ ).
We note that
For smooth toric varieties, T p,2p (X N,Σ ) = h p,p (X N,Σ ) means that the homology group H 2p (X N,Σ ) is generated by algebraic cycles hence all the conjectures are trivially true. Proof. For a projective variety X, X is birational to a projective hypersurface. We claim that we are able to represent [X] ∈ K 0 (V ar) by a linear combination of the classes of projective hypersurfaces. We prove this by induction. Assume that it is true for varieties of dimension less than n. If the dimension of X is n, let Y 1 be a projective hypersurface which is birational to X.
Since X ′ , Y 2 have dimension less than n, we are done by induction. Then take e p,q .
Let T st p,k be the stringy invariant induced by the motivic invariant T p,k . We are particular interested in T p,2p . In their paper [6] , Batyrev and Borisov proved the mirror duality conjecture for stringy Hodge numbers of Calabi-Yau complete intersections in Gorenstein Fano toric varieties, i.e., for a mirror pair (V, W ) of such varieties of dimension n, their stringy Hodge numbers satisfies the relation
We would like to ask the same question for the stringy invariant T st p,2p . But for a Calabi-Yau variety, its mirror is not unique, so probably it makes more sense to restrict ourselves to the following case.
Question For a Calabi-Yau hypersurface V of dimension n, do we have the following relation
where W is its Batyrev mirror?
5 Lawson-Deligne-Hodge polynomials
Varieties with finitely generated Lawson homology groups
Let V arF L be the collection of all quasi-projective varieties X such that the dimension of L r H n (X; Q) is finite for all n, r ∈ N. Let X, Y ∈ V arF L and Y be a locally closed subvariety of X. From the localization sequence of Lawson homology,
Hence we may form the Grothendieck group
with respect to the multiplicative set S. Let F k F LN be the subgroup of F LN generated by elements of the form
Definition 5.1. We definite the F L-Kontsevich group to be the completion
with respect to the filtration defined above.
Let X be a smooth projective variety of dimension n and D an effective divisor on X with simple normal crossings. We use the notation D 0 J as defined in 2.12.
Let C be the collection of all countable disjoint unions of F L-cylindrical sets i∈N A i for which µ(A i ) → 0 in F LN . An element in C is called a F Lmeasurable set. We definite the F L-motivic measure to be µ : C → F LN by µ( Proof. As in [8] , for s ∈ Z, we have a finite partition of the level set
From the calculation in the proof of Theorem 2.15 of
We follow the proof of Lemma 2.13 of [8] to show that µ(π
Since D has simple normal crossings, for each point x ∈ X, there is a neighborhood U of x with coordinates z 1 , ..., z n for which the local equation
.., p n (z)) of power series over y ∈ U ∩ D such that some of p 1 (z), ..., p jy (z) are identically zero. Truncating these power series to degree k on U ∩ D 
In the topology of F LN , this means that (L −ordtD ) −1 (∞) has measure zero.
The following result gives a simpler way to see if D Proof. Let R = {1, ..., r}. We prove by induction on the length of subsets of R.
Hence it suffices to prove that I⊃J |I|=k+1 D I ∈ V arF L. This follows once we claim that for any subsets I 1 , ..., I t of R where each
We use induction again to prove this statement. When t = 1, D I1 ∈ V arF L is by the hypothesis of the first induction. We assume that this statement is true for t = n. Then for t = n + 1, we have
For another direction, a similar argument works.
We recall a definition from [10] . By the homotopy property of Lawson homology, we have L t H n (X × C k ) = L t−k H n−2k (X) which implies the following Lemma. 
We have a commutative diagram:
where 
and by a local calculation in [10] , Lemma 3.4(b), the restriction of h t to B ′ t is a piecewise trivial fibration with fiber C k over B t , and from this calculation we see that We recall that each Lawson homology group L r H n (X; Q) has an inductive limit of mixed Hodge structure (see [17] ). And by a result of Walker (see [26] ), the localization sequence of Lawson homology groups is a sequence of inductive limit of mixed Hodge structures. Since we are considering finite Lawson homology groups, an inductive limit of mixed Hodge structure is just a mixed Hodge structure.
It is believed that for a quasi-projective variety X, for each p ∈ N, L p H n (X) stabilizes for n large. But we do not have a proof at this moment. So we make this as the conjecture below.
Conjecture 5.12. For a quasi-projective variety X and p ∈ N, L p H n (X) ∼ = L p H n+1 (X) ∼ = L p H n+2 (X) ∼ = · · · for n large.
For p = 0, since L 0 H n (X) = H BM n (X), this conjecture is trivially true. In the following, we assume this conjecture.
Fix n ∈ Z ≥0 . For X ∈ V arF L, let h p,q (L n H i (X; C)) be the dimension of the (p, q)-type Hodge component in L n H i (X; C). We define the Lawson-DeligneHodge polynomial of X ∈ V arF L to be
And we define the F r L-Euler characteristic of X to be
From the localization sequence of Lawson homology, it is not difficult to see that F r L induces a group homomorphism from F LN , the image of F LN in F LN , to Z. 
Higher Chow groups
In the previous section, we use only the properties of localization sequences of Lawson homology, the homotopy property and the projective bundle theorem. Since there are analogous theorems for higher Chow groups, we can play the same game for higher Chow groups. Let V arCH be the collection of all quasiprojective X whose higher Chow groups CH r (X, n) are all finitely generated for any r, n. Then from the localization sequence of higher Chow groups:
where Z ⊂ X is a closed subvariety of codimension d and U is its complement. Hence if X, Z are in V arCH, then U is in V arCH. 
